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KAWAGUCHI-SILVERMAN CONJECTURE FOR
ENDOMORPHISMS ON SEVERAL CLASSES OF
VARIETIES
YOHSUKE MATSUZAWA
Abstract. We prove Kawaguchi-Silverman conjecture (KSC) and
Shibata’s conjecture on ample canonical heights for endomorphisms
on several classes of algebraic varieties including varieties of Fano
type and projective toric varieties. We also prove KSC for group
endomorphisms of linear algebraic groups. We also propose a pos-
sible approach to the conjecture using equivariant MMP.
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1. Introduction
LetX be a smooth projective variety and f : X 99K X a dominant ra-
tional self-map, both defined over Q. Silverman introduced the notion
of arithmetic degree in [36], which measures the arithmetic complexity
of f -orbits by means of Weil height functions.
On the other hand, we can attach the dynamical degree δf to f ,
which measures the geometric complexity of the dynamical system.
In [36], [16, Conjecture 6] Kawaguchi and Silverman conjectured that
the arithmetic degree of any Zariski dense orbits are equal to the first
dynamical degree δf (cf. Conjecture 2.5).
In [34], Shibata defines the so called ample canonical height func-
tion, which is a variant of dynamical canonical height, and propose a
conjecture on the vanishing loci of ample canonical heights. This con-
jecture implies Kawaguchi-Silverman conjecture for endomorphism of
(smooth) projective varieties.
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In this paper, we prove Kawaguchi-Silverman conjecture and Shi-
bata’s conjecture for endomorphisms on several classes of algebraic va-
rieties as well as propose a possible approach to the conjecture using
equivariant MMP. The contents of this paper are as follows.
In §2, we recall the definition of arithmetic degrees and introduce
Kawaguchi-Silverman conjecture and Shibata’s conjecture.
In §3, we collect preliminary facts with proofs.
§4 proves Shibata’s conjecture (therefore Kawaguchi-Silverman con-
jecture) for endomorphisms of normal projective varieties X such that
the nef cone is generated by finitely many semi-ample divisors and
PicXQ = N
1(X)Q. This class of varieties includes, for example, vari-
eties of Fano type and projective toric varieties.
In our earlier paper [25], we prove Kawaguchi-Silverman conjecture
for non-isomorphic endomorphisms of smooth projective surfaces. One
of the key ingredients in that proof is that minimal model program
(MMP) works equivariantly with respect to non-isomorphic endomor-
phisms. We need not just non-isomorphic but int-amplified to do the
same in higher dimension. In §5, we prove Kawaguchi-Silverman con-
jecture for some special classes of endomorphisms by using equivariant
MMP established by Meng and Zhang. We also propose a strategy
to prove the conjecture for endomorphisms on varieties admitting int-
amplified endomorphism by induction on dimension. We prove the
following purely geometric fact, which might be a key to proceed the
induction: Let X be a Q-factorial klt rationally connected variety ad-
mitting an int-amplified endomorphism. Then, every nef Cartier divi-
sor on X is Q-linearly equivalent to an effective divisor.
In §6, we prove (part of) Kawaguchi-Silverman conjecture for group
endomorphisms of linear algebraic groups. As it turns out in the proof,
the essential case is the torus case, which is proved by Silverman in [36].
Notation.
• Throughout this paper, the ground field is Q unless otherwise
stated. All statements that are purely geometric hold over any
algebraically closed field of characteristic zero.
• A variety over a filed k is a geometrically integral separated
scheme of finite type over k. A divisor on a variety means a
Cartier divisor.
• Let X be a projective variety over an algebraically closed field
of characteristic zero.
– N1(X) is the group of Cartier divisors modulo numerical
equivalence (a Cartier divisor D is numerically equivalent
to zero, which is denoted by D ≡ 0, if (D · C) = 0 for all
irreducible curves C on X).
– N1(X) is the group of 1-cycles modulo numerical equiva-
lence (a 1-cycle α is numerically zero if (D · α) = 0 for all
3Cartier divisors D). By definition, N1(X) and N1(X) are
dual to each other.
– When X is normal, the Iitaka dimension of a Q-Cartier
divisor D on X is denoted by κ(D).
• Let M be a Z-module. We write MQ =M⊗ZQ, MR =M⊗ZR,
and so on.
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2. Arithmetic degree and some Conjectures
2.1. Dynamical degrees. Let X be a smooth projective variety de-
fined over an algebraically closed field of characteristic zero and f : X 99K
X a dominant rational map. We define pull-back f ∗ : N1(X) −→
N1(X) as follows. Take a resolution of indeterminacy pi : X ′ −→ X
of f with X ′ smooth projective. Write f ′ = f ◦ pi. Then we define
f ∗ = pi∗ ◦ f
′∗. This is independent of the choice of resolution.
Definition 2.1. Fix a norm || || on the finite dimensional real vector
space End(N1(X)R). Then the (first) dynamical degree of f is
δf = lim
n→∞
||(fn)||1/n.
This is independent of the choice of || ||. We refer to [6, 7, 39], [9, §4]
for basic properties of dynamical degrees.
Remark 2.2. The dynamical degree has another equivalent definition
in terms of intersection numbers:
δf = lim
n→∞
((fn)∗H ·HdimX−1)1/n
where H is any nef and big Cartier divisor on X (cf. [6]).
Remark 2.3. Dynamical degree is a birational invariant. That is, if
pi : X 99K X ′ is a birational map and f : X 99K X and f ′ : X ′ 99K X ′
are conjugate by pi, then δf = δf ′ . In particular, we can define the
dynamical degree of a self-dominant rational map of quasi-projective
varieties by taking a smooth projective model.
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2.2. Arithmetic degrees. In this subsection, the ground field is Q.
We briefly recall the definition of Weil height function. Standard ref-
erences for Weil height functions are [2, 14, 19], for example.
The height function on a projective space PN (Q) is
PN(Q) −→ R ; (x0 : · · · : xN) 7→
1
[K : Q]
∑
v
logmax{|x0|v, . . . , |xN |v}
where K is a number field (finite extension of Q contained in the fixed
algebraic closure Q) containing the coordinates x0, . . . , xN , the sum
runs over all places v of K, and | |v is the absolute value associated
with v normalized as follows:
|x|v =
{
# (OK/pv)
− ordv(x) if v is non-archimedian
|σv(x)|
[Kv:R] if v archimedian.
Here OK is the ring of integers of K. When v is non-archimedian,
pv is the maximal ideal corresponding to v and ordv is the valuation
associated with v. When v is archimedian, σv is the embedding of K
into C corresponding to v. This definition is independent of the choice
of homogeneous coordinates and the number field K.
Let X be a projective variety over Q. A Cartier R-divisor D on
X determines a (logarithmic) Weil height function hD up to bounded
functions as follows. When D is a very ample integral divisor, hD is the
composite of the embedding by |D| and the height on the projective
space we have just defined. For a general D, we write
D =
m∑
i=1
aiHi(2.1)
where ai are real numbers and Hi are very ample divisors. Then we
define
hD =
m∑
i=1
aihHi .
The function hD does not depend on the choice of the representation
(2.1) up to bounded function. We call any representative of the class
hD modulo bounded functions a height function associated with D.
Definition 2.4. Let X be a normal projective variety or smooth quasi-
projective variety defined over Q. Let f : X −→ X be a surjective
self-morphism.
• When X is projective, let H be an ample divisor on X . Fix a
Weil height function hH associated with H .
• When X is a smooth quasi-projective variety, fix a smooth pro-
jective variety X and an open embedding X ⊂ X. Let H be an
ample divisor on X and take a Weil height function hH associ-
ated with H .
5The arithmetic degree αf(x) of f at x ∈ X(Q) is defined by
αf (x) = lim
n→∞
max{1, hH(f
n(x))}1/n
if the limit exists. Since the convergence of this limit is not proved in
general, we introduce the following:
αf(x) = lim sup
n→∞
max{1, hH(f
n(x))}1/n,
αf(x) = lim inf
n→∞
max{1, hH(f
n(x))}1/n.
We call αf(x) the upper arithmetic degree and αf (x) the lower arith-
metic degree. The definitions of the (upper, lower) arithmetic degrees
are independent of the choice of H and hH when X is normal pro-
jective and also independent of X when X is smooth quasi-projective
( [16, Proposition 12] [25, Theorem 3.4]).
In [16], Kawaguchi and Silverman formulated the following conjec-
ture.
Conjecture 2.5 (KSC). Let X be a normal projective variety or smooth
quasi-projective variety and f : X −→ X a surjective morphism, both
defined over Q. Let x ∈ X(Q).
(1) The limit defining αf(x) exists.
(2) If the orbit Of(x) = {f
n(x) | n = 0, 1, 2, . . .} is Zariski dense
in X, then αf (x) = δf .
Remark 2.6. In [16], the conjecture is actually formulated for domi-
nant rational self-maps of smooth projective varieties.
Remark 2.7. If X is smooth projective and f is a dominant rational
map or X is normal projective variety and f is a morphism, then the
arithmetic degrees are bounded by the dynamical degree:
αf(x) ≤ δf
for every x ∈ X(Q) such that fn(x) is not contained in the indetermi-
nacy locus of f for all n ≥ 0 ( [16], [23]). Every surjective self-morphism
f of a smooth quasi-projective variety X can be regarded as a domi-
nant rational self-map of a smooth projectivization of X and the same
inequality holds.
Remark 2.8. If X is normal projective and f is a morphism, then
αf(x) exists for every x ∈ X(Q) and is equal to the absolute value of
one of the eigenvalues of f ∗ : N1(X) −→ N1(X) ( [15]).
Remark 2.9. Let f : X −→ X be as in Conjecture 2.5 and let x ∈
X(Q). Then, αfn(x) = αf(x)n for any positive integer n ( [23, Corollary
3.4]). On the other hand, δfn = δ
n
f by definition. Thus, if we know the
existence of arithmetic degrees, we may replace f by its power to prove
Conjecture 2.5 (2). (Note that the f -orbit of x is Zariski dense in X if
and only if the fn-orbit of x is Zariski dense in X .)
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Remark 2.10. Conjecture 2.5 is verified in several cases. See [25,
Remark 1.8] and also [21, 24].
In [34], Shibata introduces the so called ample canonical height func-
tion, which is a variant of dynamical canonical height functions.
Definition 2.11 (Ample canonical height (cf. [34])). Let X be a geo-
metrically normal projective variety defined over a number field k. Let
f : X −→ X be a surjective k-morphism with δf > 1. (The dynamical
degree is defined by passing to the base change to k.) Fix a height
function hX associated with an ample divisor on X . We take hX so
that hX ≥ 1. Let lf be the minimal non-negative integer such that the
sequence {hX(f
n(x))/nlf δnf }
∞
n=1 is bounded above for all x ∈ X(Q).
(The existence of such lf is proved in [23], for example). We define the
(lower) ample canonical height as
hf (x) = lim inf
n→∞
hX(f
n(x))
nlf δnf
.
In [34], Shibata conjectures the following and proves it for several
classes of self-morphisms. (He actually treats only smooth projective
varieties.)
Conjecture 2.12. We use the notation in Definition 2.11. Let K ⊃ k
be a number field (contained in k). Then, the set Zf(K) = {x ∈ X(K) |
hf(x) = 0} is contained in an f -invariant proper closed subset of Xk.
Remark 2.13. The set Zf(K) is independent of the choice of the
ample height hX ( [34, §3]).
Remark 2.14. Conjeture 2.12 implies Conjecture 2.5(2) ( [34, §1]).
3. Preliminaries
In this section, we gather some preliminary facts that we use later.
Lemma 3.1. Let X be a normal projective variety and f : X −→ X
a surjective morphism both defined over an algebraically closed field of
characteristic zero. The dynamical degree δf is equal to the spectral
radius (i.e. the maximum among the absolute values of eigenvalues) of
f ∗ : N1(X) −→ N1(X).
Proof. Take a resolution of singularities pi : Y −→ X and consider the
following diagram:
Y
pi

g
//❴❴❴ Y
pi

X
f
// X
where g is the induced rational map. Note that δf = δg by definition.
Let ρ be the spectral radius of f ∗ : N1(X)R −→ N
1(X)R.
Claim 3.2. We have ρ ≤ δf .
7Proof. Since f ∗ preserves the nef cone, there exists a nef R-divisor D 6≡
0 such that f ∗D ≡ ρD. Then
(gn)∗(pi∗D) ≡ (pi ◦ gn)∗D ≡ (fn ◦ pi)∗D ≡ pi∗(f ∗)nD ≡ ρnpi∗D.
Thus, the spectral radius of (gn)∗ is not less than ρn and we get δg ≥ ρ.

Claim 3.3. We have δf ≤ ρ. Therefore we have δf = ρ.
Proof. Let H be an ample divisor on X . Let d = dimX = dimY .
Since pi∗H is nef and big, we have
δg = lim
n→∞
((gn)∗pi∗H · (pi∗H)d−1)1/n
= lim
n→∞
(pi∗(fn)∗H · pi∗Hd−1)1/n = lim
n→∞
((fn)∗H ·Hd−1)1/n.
Now, we define a map || || : N1(X)R −→ R by
||D|| = inf
{
(E1 ·H
d−1) + (E2 ·H
d−1)
∣∣∣ D ≡ E1 − E2 where E1, E2
are effective classes
}
for D ∈ N1(X)R. This is a semi-norm and if D is effective then ||D|| =
(D ·Hd−1). Fix a norm || ||1 on N
1(X)R. Then there exists a constant
C > 0 such that || || ≤ C|| ||1. Then
δf = δg = lim
n→∞
||(fn)∗H||1/n
≤ lim
n→∞
(C||(fn)∗H||1)
1/n = lim
n→∞
||(f ∗)nH||
1/n
1 ≤ ρ.


Remark 3.4. By projection formula, δf is also equal to the spectral
radius of f∗ : N1(X) −→ N1(X).
Proposition 3.5. Let X be a normal projective variety defined over a
number filed K. Let D be a Cartier divisor on XK = X ×K K such
that κ(D) > 0. Let hD be a Weil height function associated with D and
B, d positive real numbers. Then the set{
x ∈ X(L)
∣∣∣∣ hD(x) ≤ B, K ⊂ L ⊂ K is an intermediate fieldwith [L : K] ≤ d
}
is not Zariski dense in XK.
Proof. By replacing D by mD for some m > 0, we may assume the
image Y of the rational map Φ|D| defined by the complete linear system
|D| has dimension κ(D) > 0. Let pi : Z −→ XK be the blow up along
the base ideal of |D| and we denote the exceptional divisor by E. Then
ϕ = Φ ◦ pi : Z −→ X 99K Y is a surjective morphism and there exists
an ample divisor H on Y such that ϕ∗H ∼ pi∗D −E.
8 YOHSUKE MATSUZAWA
Now, fix height functions hH , hD, and hE. Then, hD ◦ pi = hH ◦ ϕ+
hE + O(1). Since hE is bounded below outside E, there exists B
′ > 0
so that
{x ∈ X(L) | hD(x) ≤ B,K ⊂ L ⊂ K with [L : K] ≤ d}
⊂ pi(E)(Q) ∪ pi
({
z ∈ Z(L)
∣∣∣∣ hH(ϕ(z)) ≤ B′, K ⊂ L ⊂ K with[L : K] ≤ d
})
⊂ pi(E)(Q) ∪ pi
(
ϕ−1
({
y ∈ Y (L)
∣∣∣∣ hH(y) ≤ B′, K ⊂ L ⊂ Kwith [L : K] ≤ d
}))
.
SinceH is ample, the set {y ∈ Y (L) | hH(y) ≤ B
′, K ⊂ L ⊂ K with [L :
K] ≤ d} is finite. Therefore, we get the statement.

Proposition 3.6. Let X be a normal projective variety and f : X −→
X a surjective endomorphism, both defined over Q. Suppose there exists
a Q-Cartier divisor D on X such that
(1) f ∗D ∼Q dD and d = δf > 1;
(2) κ(D) > 0.
Then we have αf(x) = δf for every x ∈ X(Q) with Zariski dense f -
orbit.
Proof. Take a height function hD associated with D. Define
hˆD(x) = lim
n→∞
hD(f
n(x))
dn
(x ∈ X(Q)).
Note that by condition (1), this limit converges and hˆD = hD + O(1).
Let x ∈ X(Q) be a point with Zariski dense f -orbit. If hˆD(x) ≤ 0,
then hˆD(f
n(x)) = dnhˆD(x) ≤ 0 for all n ≥ 0. This implies hD is
bounded above on the orbit of x. Note that fn(x), n ≥ 0 are defined
over a same large number field. By condition (2) and Proposition 3.5,
we get a contradiction. Thus, we get hˆD(x) > 0 and this implies
αf(x) = d = δf .

4. Shibata’s conjecture
4.1. In this section, we prove the following theorem.
Theorem 4.1. Let X be a normal projective variety and f : X −→ X
a surjective morphism with δf > 1, both defined over Q. Assume that
N1(X)Q ≃ Pic(X)Q and the nef cone is generated by finitely many
semi-ample integral divisors. Then Conjecture 2.12 holds for f . In
particular, we have αf (x) = δf for every point x ∈ X(Q) with Zariski
dense f -orbit.
Corollary 4.2. Conjecture 2.12 holds for every surjective endomor-
phism f : X −→ X where X is either
9(1) of Fano type (i.e. there exits an effective Q-Weil divisor ∆ on
X such that the pair (X,∆) is klt and −(KX + ∆) is nef and
big), or
(2) a projective toric variety.
Remark 4.3. The same holds for all Mori dream spaces since the
assumption in Theorem 4.1 is a part of the definition of Mori dream
space.
The Corollary follows from the following two lemmas.
Lemma 4.4. Let (X,∆) be a projective klt pair over Q where ∆ is an
effective Q-Weil divisor such that −KX −∆ is nef and big. Then
(1) every nef integral divisor on X is semi-ample;
(2) the nef cone Nef(X) is a rational polyhedral cone;
(3) (PicX)Q = N
1(X)Q.
Proof. (1) This follows from the base point free theorem. (2) Take an
effective divisor E such that −KX−∆−
1
m
E is ample for all sufficiently
largem. Since (X,∆+ 1
m
E) is klt for largem, we may assume −KX−∆
is ample. Now the statement follows from the cone theorem. (3) If a Q-
divisor is numerically trivial, then it is semi-ample by (1) and therefore
Q-linearly equivalent to zero. 
Lemma 4.5. Let X be a projective toric variety over Q. Then
(1) every nef integral divisor on X is basepoint free;
(2) the nef cone Nef(X) is a rational polyhedral cone;
(3) (PicX)Q = N
1(X)Q.
Proof. See [5, Theorem 6.3.12], [5, Theorem 6.3.20], and [5, Proposition
6.3.15] for (1), (2), and (3) respectively. 
4.2. Construction of nef canonical heights. Let X be a normal
projective variety over Q. Assume
• the nef cone is generated by finitely many semi-ample integral
divisors;
• (PicX)Q = N
1(X)Q.
Let f : X −→ X be a surjective morphism with δf > 1. Assume
every extremal ray of Nef(X) is preserved by f ∗. (By Lemma
4.7, this is the case for some iterate of every f .)
Let R≥0D1, . . . ,R≥0Dr be the all extremal rays of Nef(X) where Di
is a semi-ample integral divisor. We may assume the following:
• f ∗Di ∼ λiDi for some positive integer λi;
• δf = λ1 = · · · = λs > λs+1 ≥ · · · ≥ λr;
• Di’s are base point free;
• Let pii : X −→ Yi be the semi-ample fibration of Di. Then
dim Yi > 0 and there exists an ample divisor Hi on Yi such that
pi∗iHi ∼ Di.
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Lemma 4.6. The morphism f induces a surjective morphism gi : Yi −→
Yi such that gi ◦ pii = pii ◦ f and g
∗
iHi ∼ λiHi.
Proof. Since f ∗Di ∼ λiDi, f
∗ induces a linear mapH0(Di) −→ H
0(λiDi).
Thus there exists a rational map gi : Yi 99K Yi such that gi ◦pii = pii ◦f .
Consider the following diagram:
X˜
p

q

✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
X
f
//
pii

X
pii

Γgi
α
~~⑥⑥
⑥⑥
⑥⑥
⑥ β
  
❆❆
❆❆
❆❆
❆
Yi gi
//❴❴❴❴❴❴❴❴ Yi
where Γgi is the graph of gi, p is a proper birational morphism. Take
any closed point y ∈ Yi. Then
β(α−1(y)) = β ◦ q(q−1(α−1(y))) = pii ◦ f ◦ p(q
−1(α−1(y)))
= pii ◦ f ◦ p(p
−1(pi−1i (y))) = pii ◦ f ◦ (pi
−1
i (y)).
For every irreducible curve C ⊂ pi−1i (y), we have
(Di · f∗[C]) = (f
∗Di · C) = λi(D · C) = 0.
Since pii is the contraction of NE(X)∩D
⊥
i , f(C) is contained in a fiber
of pii. Hence β(α
−1(y)) = pii ◦f ◦ (pi
−1
i (y)) is a point. (Note that pi
−1
i (y)
is connected.) By Zariski main theorem, gi is a morphism. Finally,
pi∗i g
∗
iOYi(Hi) ≃ f
∗pi∗iOYi(Hi) ≃ f
∗OX(Di) ≃ OX(λiDi) ≃ pi
∗
iOYi(λiHi)
implies g∗iOYi(Hi) ≃ OYi(λiHi). 
For i with λi > 1, define
hˆDi(x) = lim
n→∞
hDi(f
n(x))
λni
for x ∈ X(Q);
hˆHi(y) = lim
n→∞
hHi(g
n
i (y))
λni
for y ∈ Yi(Q).
Then they satisfy the following:
• hˆDi ◦ f = λihˆDi , hˆHi ◦ gi = λihˆHi ;
• hˆDi = hˆHi ◦ pii ≥ 0;
• hˆHi = hHi +O(1) (i.e. hˆHi is a Weil height function associated
with the ample divisor Hi).
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4.3. Proof of Theorem 4.1. Now return to the general case.
Lemma 4.7. Let X be a normal projective variety and f : X −→ X a
surjective morphism both defined over Q. Assume that the nef cone of
X is a rational polyhedral cone. Then there exists a positive integer n
such that (fn)∗ fixes all extremal rays of Nef(X).
Proof. Since f ∗ : N1(X)R −→ N
1(X)R induces a self-bijection of Nef(X),
it induces a permutation of the extremal rays of Nef(X). Thus, there
exists a positive integer n such that (fn)∗ fixes all extremal rays. 
Proposition 4.8. Let X be a normal projective variety over Q. As-
sume
• the nef cone is generated by finitely many semi-ample integral
divisors;
• (PicX)Q = N
1(X)Q.
Let f : X −→ X be a surjective morphism with δf > 1. Take sufficiently
large number field k so that X, f, . . . are all defined. (We write the
model Xk, etc.) Then, for any number field K ⊃ k, there exists a
proper closed subset V ⊂ XK such that
Zf(K) = {x ∈ Xk(K) | hf (x) = 0} = V (K).
Proof. Let N be a positive integer. By easy calculation, hf (x) = 0 if
and only if hfN (f
r(x)) = 0 for some r ∈ {0, 1, . . . , N−1}. Therefore, by
replacing f by its iterate, we may assume every extremal ray of Nef(X)
is preserved by f ∗. Now we use the notation in §4.2. Let H = D1 +
· · ·+Dr. Since Di’s generate the nef cone, H is ample. If λi < δf , then
limn→∞ hDi(f
n(x))/δnf = 0. If λi = δf , then limn→∞ hDi(f
n(x))/δnf
exists. In particular, lf = 0 and
lim inf
n→∞
hH(f
n(x))
δnf
= lim inf
n→∞
r∑
i=1
hDi(f
n(x))
δnf
=
s∑
i=1
hˆDi(x) =
s∑
i=1
hˆHi(pii(x)).
Therefore
Zf(K) =
s⋂
i=1
pi−1i ({y ∈ (Yi)k(K) | hˆHi(y) = 0}).
Since hˆHi is an ample height, the set {y ∈ (Yi)k(K) | hˆHi(y) = 0} is
finite. Since dimYi > 0, the statement follows. 
Proof of Theorem 4.1. By Proposition 4.8, Conjecture 2.12 holds for f .
The last assertion follows from Remark 2.14. 
5. Equivariant MMP and KSC
Convention: In this section, KSC for f , where f is an endomor-
phism of a normal projective variety over Q, means Conjecture 2.5 for
f . By Remark 2.8, this is equivalent to say that αf(x) = δf for every
point x ∈ X(Q) with Zariski dense f -orbit.
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5.1. Equivariant MMP.
Definition 5.1. A surjective endomorphism f : X −→ X of normal
projective variety X is called int-amplified if there exists an ample
Cartier divisor H on X such that f ∗H −H is ample.
We collect basic properties of int-amplified endomorphisms in the
following lemma.
Lemma 5.2.
(1) Let X be a normal projective variety, f : X −→ X a surjec-
tive morphism, and n > 0 a positive integer. Then, f is int-
amplified if and only if so is fn.
(2) Let pi : X −→ Y be a surjective morphism between normal pro-
jective varieties. Let f : X −→ X, g : Y −→ Y be surjective
endomorphisms such that pi ◦ f = g ◦ pi. If f is int-amplified,
then so is g.
(3) Let pi : X 99K Y be a dominant rational map between nor-
mal projective varieties of same dimension. Let f : X −→ X,
g : Y −→ Y be surjective endomorphisms such that pi◦f = g◦pi.
Then f is int-amplified if and only if so is g.
(4) If a normal Q-factorial projective variety X admits an int-
amplified endomorphism, then −KX is numerically equivalent
to an effective Q-divisor. In particular, if X is rationally con-
nected, then −KX is Q-linearly equivalent to an effective Q-
divisor.
Proof. See [27, Lemma 3.3, 3,5, 3.6, Theorem 1.5]. 
Meng and Zhang established minimal model program equivariant
with respect to endomorphisms, for varieties admitting an int-amplified
endomorphism. We summarize their results that we need.
Theorem 5.3 (Meng-Zhang). Let X be a Q-factorial Kawamata log
terminal (klt) projective variety over Q admitting an int-amplified en-
domorphism.
(1) There are only finitely manyKX-negative extremal rays of NE(X).
Moreover, let f : X −→ X be a surjective endomorphism of X.
Then every KX-negative extremal ray is fixed by the linear map
(fn)∗ for some n > 0.
(2) Let f : X −→ X be a surjective endomorphism of X. Let R be
a KX-negative extremal ray and pi : X −→ Y its contraction.
Suppose f∗(R) = R. Then,
(a) f induces an endomorphism g : Y −→ Y such that g ◦ pi =
pi ◦ f ;
(b) if pi is a flipping contraction and X+ is the flip, the induced
rational self-map h : X+ 99K X+ is a morphism.
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Proof. (1) is a special case of [29, Theorem 4.6]. (2a) is true since the
contraction is determined by the ray R. (2b) follows from [28, Lemma
6.6]. 
Theorem 5.4 (Equivariant MMP (Meng-Zhang)). Let X be a Q-
factorial klt projective variety over Q admitting an int-amplified en-
domorphism. Then for any surjective endomorphism f : X −→ X,
there exists a positive integer n > 0 and a sequence of rational maps
X = X0 99K X1 99K · · · 99K Xr
such that
(1) Xi 99K Xi+1 is either the divisorial contraction, flip, or Fano
contraction of a KXi-negative extremal ray;
(2) Xr is a Q-abelian variety (i.e. there exists a quasi-e´tale finite
surjective morphism A −→ Xr from an abelian variety A. Note
that Xr might be a point);
(3) there exist surjective endomorphisms gi : Xi −→ Xi for i =
0, . . . , r such that g0 = f
n and the following diagram commutes:
Xi //❴❴❴
gi

Xi+1
gi+1

Xi //❴❴❴ Xi+1;
(4) there exists a quasi-e´tale finite surjective morphism A −→ Xr
from an abelian variety A and an surjective endomorphism h : A −→
A such that the diagram
A
h
//

A

Xr gr
// Xr;
commutes.
Proof. This is a part of [29, Theorem 1.2]. 
Remark 5.5. Surjective endomorphisms on a Q-abelian variety always
lift to a certain quasi-e´tale cover by an abelian variety. See [4, Lemma
8.1 and Corollary 8.2], for example. The proof works over any alge-
braically closed field.
5.2. Easy corollaries of equivariant MMP.
Lemma 5.6. Consider the commutative diagram
X
f
//
pi

✤
✤
✤ X
pi

✤
✤
✤
Y g
// Y
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where X, Y are normal projective varieties over Q, f, g are surjective
morphisms, and pi is a birational map. Then KSC holds for f if and
only if so does for g.
Proof. Assume KSC for g. Let x ∈ X(Q) be a point whose f -orbit is
Zariski dense. We need to show that αf(x) = δf . There exits a sequence
n1 < n2 < · · · such that {f
ni(x) | i = 1, 2, . . . } is Zariski dense and
fni(x) /∈ Ipi where Ipi is the indeterminacy locus of pi. Replacing x by
fn1(x), we may assume x /∈ Ipi. Then we get pi(f
ni(x)) = gni(pi(x)) and
{gni(pi(x)) | i = 1, 2, . . . } is Zariski dense in Y . By KSC for g, we get
αg(pi(x)) = δg = δf .
Take a birational morphism q : Z −→ X from a normal projective
variety Z such that q is isomorphic over X \ Ipi and pi ◦ q =: p becomes
a morphism. Fix an ample divisor H on Y . Since q∗q∗p
∗H − p∗H is
a q-exceptional effective divisor, we get hH ◦ pi ≤ hq∗p∗H + O(1) on
(X \ Ipi)(Q). Thus, hH(gni(pi(x))) = hH(pi(fni(x))) ≤ hq∗p∗H(f
ni(x)) +
O(1). Since we know that the arithmetic degree exists, we get αf(x) ≥
αg(pi(x)) = δf . 
Lemma 5.7. Consider the commutative diagram of surjective mor-
phisms
X
f
//
pi

X
pi

Y g
// Y
where X, Y are normal projective varieties, f is an automorphism, and
pi∗ : N1(X)Q −→ N1(Y )Q is surjective with dimKer pi∗ = 1 (e.g. a Fano
contraction). Then δf = δg. In particular, KSC for g implies KSC for
f .
Proof. Since f∗ : N1(X)Z −→ N1(X)Z is an automorphism, the eigen-
values of f∗ are unit algebraic integers. Thus, f∗|Ker pi∗ is ± id. There-
fore, δf = spectral radius of f∗ = spectral radius of g∗ = δg. 
Theorem 5.8. Let X be a Q-factorial klt projective variety over Q
admitting an int-amplified endomorphism. Let f : X −→ X be a sur-
jective endomorphism. Assume one of the following:
(1) f is an automorphism,
(2) fn are primitive for all n ≥ 1 (i.e. there is no dominant rational
map p : X 99K Y and dominant rational self-map g : Y 99K Y
with 0 < dimY < dimX such that p ◦ fn = g ◦ p), or
(3) the Kodaira dimension of X is non-negative: κ(X) ≥ 0.
Then KSC holds for f .
Proof. (1) follows from Theorem 5.4, Lemma 5.6 5.7 and KSC for
abelian varieties ( [15], [37]). (2) By the assumption, the only Fano
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contraction that can appear during the equivariant MMP in Theorem
5.4 is contraction to a point. Thus KSC for f follows from Lemma 5.6
and KSC for normal varieties of Picard number one and KSC for abelian
varieties. (3) By the assumption, the output of equivariant MMP in
Theorem 5.4 is a Q-abelian variety and thus the statement follows from
KSC for abelian varieties. (Actually, X it-self is a Q-abelian variety in
this case.) 
5.3. A reduction of KSC using equivariant MMP. In this sec-
tion, we propose a possible strategy to prove KSC for endomorphisms
on varieties admitting an int-amplified endomorphism by dimension
induction. Let d be a non-negative integer and consider the following
conditions.
(∗)d Let X be an arbitrary Q-factorial klt projective variety of
dimension d admitting an int-amplified endomorphism. Let
f : X −→ X be an arbitrary surjective morphism. Then,
αf(x) = δf for every x ∈ X(Q) with Zariski dense f -orbit.
(Mfs)d Let X be an arbitrary Q-factorial klt projective variety
of dimension d admitting an int-amplified endomorphism.
Suppose there exits a uniqueKX -negative extremal ray and
its contraction pi : X −→ Y is a Fano contraction. Let
f : X −→ X be an arbitrary surjective morphism which
induces a surjective endomorphism g : Y −→ Y with δf >
δg. Then, αf(x) = δf for every x ∈ X(Q) with Zariski
dense f -orbit.
We also need the following purely birational geometric condition,
which is largely expected to hold.
(TF)d There is no infinite sequence of KX -flips for any Q-factorial
klt projective variety X of dimension d.
It is known that (TF)d is ture for d ≤ 3 (cf. [35, Theorem 5.2]).
Proposition 5.9. Let d be a positive integer and assume (TF)d. Let X
be a Q-factorial klt projective variety of dimension d admitting an int-
amplified endomorphism. Let f : X −→ X be a surjective morphism.
We can construct a sequence of flip or divisorial contraction of K-
negative extremal rays, which is equivariant with respect to fn for some
n > 0, with output f ′ : X ′ −→ X ′ satisfying one of the following:
(1) X ′ is a Q-abelian variety;
(2) There is a Fano contraction pi : X ′ −→ Y and f ′ induces an
endomorphism g : Y −→ Y with δf ′ = δg;
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(3) There exits a unique KX′-negative extremal ray and its contrac-
tion pi : X ′ −→ Y is a Fano contraction. Moreover, f ′ induces
an endomorphism g : Y −→ Y and δf ′ > δg.
In (1), KSC holds for f . In (2), KSC for f follows from KSC for g.
In particular, (∗)k for k = 0, 1, . . . , d− 1 and (Mfs)d implies (∗)d.
Proof. By Theorem 5.4, we only need to consider the case where the
output of the equivariant MMP is a Fano contraction pi : X ′ −→ Y with
δf ′ > δg. In this case, the generalized eigenspace of (f
′)∗ : N1(X
′)R −→
N1(X
′)R with eigenvalue δf ′ is the kernel of pi∗ and one dimensional.
Therefore, if there is another KX′-negative Fano contraction, we get
case (2). Assume in every step of equivariant MMP, there are at least
two K-negative extremal rays and there is at most one K-negative
Fano contraction, or the K-negative extremal ray is unique and its
contraction is birational. Then, we get an infinite sequence of flips and
this contradicts to our assumption. Thus, we get one of the case in the
Proposition.
In the case (1), KSC for f is true by Theorem 5.4 (4), Lemma 5.6,
and KSC for abelian varieties. In the case (2), KSC for f follows from
KSC for f ′ by Lemma 5.6, and KSC for f ′ follows from that of g since
δf = δg. 
Proposition 5.10. Let d be a positive integer and assume (TF)i for
i ≤ d. Let X be a Q-factorial klt rationally connected projective vari-
ety admitting an int-amplified endomorphism. Then, for every nef Q-
Cartier divisor D on X, we have κ(D) ≥ 0, i.e. H0(X,OX(mD)) 6= 0
for some positive integer m.
Proof. We prove by induction on the dimension. By Theorem 5.3,
there are only finitely many KX-negative extremal rays R1, . . . , Rt of
NE(X). Take a non-negative rational number r such that
((D + rKX) · Ri) ≥ 0 for all i;
((D + rKX) · Ri0) = 0 for some i0.
Note that D + rKX is nef. Let pi : X −→ Y be the contraction of Ri0 .
(1) When pi is a Fano contraction, take a Q-Cartier divisor L on
Y such that pi∗L ∼Q D + rKX . Note that L is nef and Y is a Q-
factorial klt rationally connected variety admitting an int-amplified
endomorphism (cf. Lemma 5.2 and Theorem 5.3). Thus, by induction
hypothesis, κ(L) ≥ 0. Since κ(−KX) ≥ 0 (Lemma 5.2), we get κ(D) =
κ(pi∗L− rKX) ≥ 0.
(2) When pi is a divisorial contraction, take a Q-Cartier divisor DY
on Y such that pi∗DY ∼Q D + rKX . Then DY is also nef and Y is a
Q-factorial klt rationally connected variety admitting an int-amplified
endomorphism. Since κ(−KX) ≥ 0, we may replace (X,D) by (Y,DY ).
(3) When pi is a flipping contraction, take a Q-Cartier divisor DY
on Y such that pi∗DY ∼Q D + rKX . Let pi
+ : X+ −→ Y be the
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flip. Then D+ := (pi+)∗DY is also nef and X
+ is a Q-factorial klt ra-
tionally connected variety admitting an int-amplified endomorphism.
Since κ(−KX) ≥ 0, we may replace (X,D) by (X
+, D+).
Since we assume there is no infinite sequence of flips, we finally get
a Fano contraction (i.e. case (1)) or minimal model (i.e. KX becomes
nef). Therefore, to end the proof, we may assume KX is nef. Since
κ(−KX) ≥ 0, we have KX ∼Q 0. By [27, Theorem 5.2], X is a Q-
abelian variety. Let q : A −→ X be a quasi-e´tale finite morphism from
an abelian variety A. Since every nef integral divisor on an abelian
variety is numerically equivalent to an effective divisor (cf. [1, Lemma
1.1] for a proof over C. The case over an arbitrary algebraically closed
field of characteristic zero follows from the Lefschetz principle and by
considering symmetric part of the nef divisor.), there exists a Q-Cartier
effective divisor E on A such that q∗D ≡ E. Then q∗(q
∗D − E) is
numerically equivalent to zero as a cycle in the sense of Fulton ( [11,
Chapter 19]). By [28, Lemma 2.12], 0 ≡ q∗(q
∗D−E) = (deg q)D−q∗E
as Q-divisors. Since X is rationally connected, we get (deg q)D ∼Q q∗E
and this is what we wanted.

Theorem 5.11. Let d be a positive integer and assume (TF)i for i ≤ d
and (∗)j for j ≤ d− 1. Let X be a Q-factorial klt rationally connected
projective variety of dimension d admitting an int-amplified endomor-
phism. Suppose κ(−KX) > 0. Then KSC holds for every surjective
endomorphism f : X −→ X.
Proof. By Lemma 5.6 and Proposition 5.9, we may assume
• there exits a unique KX-negative extremal ray R and its con-
traction pi : X −→ Y is a Fano contraction;
• f induces an endomorphism g : Y −→ Y ;
• δf > δg.
Since δf > δg and pi is a ray contraction, there exists a nef integral
divisor D 6≡ 0 such that f ∗D ∼Q δfD and (D ·R) > 0. Since (KX ·R) <
0, there exits a positive rational number r such that ((D+rKX)·R) = 0.
Since R is the unique KX -negative extremal ray, D + rKX is nef. By
cone theorem, there exists a nef Q-Cartier divisor L on Y such that
pi∗L ∼Q D + rKX .
By Lemma 5.2 and Theorem 5.3, Y also admits an int-amplified en-
domorphism, and it is Q-factorial klt rationally connected. By Propo-
sition 5.10, κ(L) ≥ 0.
Since flips and divisorial contractions preserve the condition ”κ(−KX) >
0”, we get κ(D) = κ(pi∗L − rKX) ≥ κ(−KX) > 0. Now, the theorem
follows from Proposition 3.6.

Proposition 5.12. (∗)d is true for d ≤ 2.
18 YOHSUKE MATSUZAWA
Proof. Let X be a Q-factorial klt surface admitting an int-amplified
endomorphism. By [26], the output Xr of equivariant MMP as in
Theorem 5.4, is either
(1) a Q-abelian surface and the induced endomorphism lifts to a
quasi-e´tale cover by an abelian surface;
(2) a smooth projective surface;
(3) a rational surface with a quasi-e´tale cover by an smooth projec-
tive surface and the induced endomorphism on Xr lifts to the
cover;
(4) a rational surface with κ(−KXr) > 0;
(5) a surface of Picard number one.
In the first three cases, KSC for endomorphisms on Xr follows from
KSC for endomorphisms on smooth projective surfaces, which is proved
in [25]. In the case (4), KSC follows from Theorem 5.11. In the case
(5), endomorphism on Xr is polarized and therefore KSC is true.
Finally, KSC for endomorphisms on X follows from that of on Xr
by Lemma 5.6. 
Corollary 5.13. Let X be a rationally connected Q-factorial klt projec-
tive variety of dimension 3 admitting an int-amplified endomorphism.
Suppose κ(−KX) > 0. Then, KSC holds for every surjective morphism
f : X −→ X.
6. Linear algebraic groups
In this section we prove the following theorem.
Theorem 6.1. Let G be a connected linear algebraic group and f : G −→
G a surjective group endomorphism, both defined over Q. If the f -orbit
of a point x ∈ G(Q) is Zariski dense , then αf(x) exists and is equal
to δf .
6.1. Endomorphisms of linear algebraic groups. In this subsec-
tion, the ground field k is an algebraically closed field of characteristic
zero. We refer to [3] for basic facts on linear algebraic groups.
Theorem 6.2. Let G be a connected linear algebraic group and f : G −→
G a surjective group endomorphism. Let B = T ⋉ U ⊂ G be a Borel
subgroup of G where T and U are maximal torus and maximal unipotent
subgroup respectively. Take g ∈ G so that
gf(B)g−1 = B, gf(T )g−1 = T.
Then
δf = δInt(g)◦f = δ(Int(g)◦f)|T .
Here Int(g) : G −→ G; x 7→ gxg−1 is the inner automorphism defined
by g.
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Proof. Step1 First, we prove that δf = δInt(g)◦f for any g ∈ G. Take a
closed embedding i : G −→ GLN as algebraic groups. The group GLN
is canonically embedded as an open subscheme of PN
2
. Let G be the
closer of G in PN
2
. Then for any g ∈ G, Int(g) : G −→ G is extended
to Int(i(g)) : GLN −→ GLN and this is extended to an automorphism
σg : PN
2
−→ PN
2
. In this way, the action of G on itself by inner
automorphisms is extended to an action on G. Let pi : G˜ −→ G be
a G-equivariant resolution of singularities (cf. [17, Proposition 3.9.1]).
The automorphism of G˜ induced by Int(g) is denoted by I˜nt(g). Set
H = pi∗OPN2 |G. Then (I˜nt(g))
∗H ∼ H . Note that we can calculate the
dynamical degrees of self maps of G˜ by using H since it is nef and big.
Let ϕ : G˜ 99K G˜ be the rational map induced by Int(g)◦f : G −→ G,
and F : G˜ 99K G˜ the one induced by f : G −→ G. Then
(ϕn)∗H = ( ˜Int(gf(f) · · ·fn−1(g)) ◦ F n)∗H
∼ (F n)∗( ˜Int(gf(f) · · ·fn−1(g)))∗H ∼ (F n)∗H.
Thus
δf = lim
n→∞
((F n)∗H ·HdimG−1)1/n
= lim
n→∞
((ϕn)∗H ·HdimG−1)1/n = δInt(g)◦f .
Step2 If G is unipotent, then f is an automorphism and δf = 1.
Indeed, the kernel of f is a finite subgroup of G and a finite subgroup
of an unipotent group is trivial. Hence, f is an automorphism. By [13],
the group of automorphisms AutG has a structure of a linear algebraic
group. Therefore, δf = 1 (f
m : G −→ G is equivariantly embedded into
a projective space for some m > 0. cf. [10, Theorem 7.3]).
Step3 Let G be any connected linear algebraic group and B =
T ⋉ U a Borel subgroup. Assume a surjective group homomorphism
f : G −→ G preserves B and T , i.e. f(B) ⊂ B and f(T ) ⊂ T .
Let RuG be the unipotent radical of G and L ⊂ G be a Levi subgroup
of G (i.e. G = L⋉RuG). Then f(L) ⊂ G is also a Levi subgroup of G.
Indeed, f(L) and RuG generateG. To see that f(L) is Levi, it is enough
to show that f(L) ∩ RuG = {1}. By dimension counting, f(L) ∩ RuG
is finite. Since any finite subgroup of an unipotent group is trivial, we
get f(L) ∩ RuG = {1}. Since Levi subgroups are all conjugate, there
exists g1 ∈ G such that g1f(L)g
−1
1 = L. Set f1 = Int g1 ◦ f . Then
f1 = f1|L × f1|RuG : G = L⋉RuG −→ L⋉RuG. By Step1 and Step2,
we get δf = δf1 = max{δf1|L, δf1|RuG} = δf1|L.
Take a Borel subgroup BL = TL⋉UL ⊂ L and g2 ∈ L such that h :=
Int g2 ◦f1|L preserves BL and TL. Then h also preserves UL. Let U
−
L be
the opposite maximal unipotent of UL. Then h(U
−
L ) ⊂ U
−
L (look at the
Lie algebras). Since L is reductive, U−L × TL×UL ⊂ L is open and the
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restriction of h to this open set is h|U−
L
×h|TL×h|UL . Therefore, by Step
1 and Step2, we get δf = δf1|L = δh = max{δh|
U
−
L
, δh|TL , δh|UL} = δh|TL .
Now, BL ⋉ RuG is a Borel subgroup of G, TL is a maximal torus
of G, Int g2g1 ◦ f preserves them, and h|TL = (Int g2g1 ◦ f)|TL. Thus,
we have proved the following: for any surjective group homomorphism
f : G −→ G, there exists g ∈ G and a Borel subgroup B = T ⋉U ⊂ G
such that Int g ◦ f preserves B and T , and δf = δ(Int g◦f)|T .
Step4 Let f : G −→ G be any surjective group homomorphims.
Let B = T ⋉U,B′ = T ′⋉U ′ be two Borel subgroups of G and g, g′ ∈ G
be such that Int g◦f , Int g′◦f preserves B and T , B′ and T ′ respectively.
Take h ∈ G so that hT ′h−1 = T and hB′h−1 = B. Then
G
Int g′◦f
//
Inth

G
Inth

G
Int(α)◦f
// G
commutes where α = hg′f(h−1). In particular, we have Intα ◦ f also
preserves B and T , and δ(Int g′◦f)|T ′ = δ(Intα◦f)|T . Note that gα
−1 ∈
NG(B) ∩ NG(T ) = B ∩NG(T ) = NB(T ) = ZB(T ). Therefore, (Intα ◦
f)|T = (Int g ◦ f)|T . Thus, we get δ(Int g′◦f)|T ′ = δ(Int g◦f)|T .
Combining Step 3 and Step4, we get the theorem.

Proposition 6.3. Let G = T ⋉ U be a connected solvable group and
f : G −→ G a surjective group endomorphism. If f has a Zariski dense
orbit, then f preserves T and U , G = T × U , and f = f |T × f |U .
Proof. Since f is a group homomorphism, it induces fU : U −→ U .
Thus, f induces fG/U : G/U −→ G/U ≃ T . Since f has a Zariski
dense orbit, fG/U also has a Zariski dense orbit. Take g ∈ G such that
gf(T )g−1 = T and set f ′ = Int g ◦ f . Then f ′ preserves T and U .
Moreover, since f ′ and f induces the same homomorphism on G/U
which we write f ′G/U , it has a Zariski dense orbit. Once we can prove
G = T × U , it is clear that f is of the form f |T × f |U . Therefore, by
replacing f with f ′, we may assume f preserves T .
Now, T acts on U by conjugation and it corresponds to a group
homomorphism χ : T −→ AutU . We can check that the following
diagram commutes:
T
fT
//
χ

T
χ

AutU
Int fU
// AutU.
Here fT and fU are endomorphism on T and U induced by f . Note
that since U is connected unipotent, fU is an automorphism and AutU
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is a linear algebraic group. Let T ′ = χ(T ). Then fU is contained in
the normalizer NAutU(T
′) of T ′. Since NAutU(T
′)/ZAutU(T
′) is finite
(where ZAutU(T
′) is the centralizer) [3, 8.10 Corollary 2], there exists a
positive integer n such that (Int fU)
n = id on T ′. Since fT has a Zariski
dense orbit, T ′ must be trivial and that means G = T × U . 
6.2. Proof of Theorem 6.1. Now we prove Theorem 6.1. In this
section, the ground field is Q.
Convention: Let f : X −→ X be a morphism where X is a smooth
quasi-projective variety defined over Q. We say weak KSC is true for
f when the following holds: for every point x ∈ X(Q), if the f -orbit of
x is Zariski dense in X , then αf (x) exists and is equal to δf .
Proposition 6.4. If weak KSC is true for all surjective group endo-
morphisms of all connected solvable groups, then weak KSC is true
for all surjective group endomorphisms of connected linear algebraic
groups.
Proof. Let f : G −→ G be a surjective group endomorphism of a linear
algebraic group G. Let RuG be the unipotent radical. Then f induces
an endomorphism f : G/RuG −→ G/RuG. Since any maximal torus
of G is isomorphic to a maximal torus of G/RuG, Theorem 6.2 implies
δf = δf . Thus, we may assume G is reductive. (Note that αf(x) ≥
αf(xRuG) for all x ∈ G.)
By [38, Theorem 7.2], there exists a Borel subgroup B = T ⋉U ⊂ G
such that f(B) = B where T is a maximal torus and U is the maximal
unipotent subgroup. Let U− be the opposite unipotent group of U .
Then we get
U− ×B

f |
U−
×f |B
// U− × B

G
f
// G
where the vertical arrows are open immersions. Let x ∈ G(Q) be a
point with Zariski dense f -orbit. By replacing x by fk(x) for some
k, we may assume x ∈ (U− × B)(Q). Write x = (y, z) ∈ U−(Q) ×
B(Q). Since δf |
U−
= 1, we have αf |
U−
(y) = 1. Since x has Zariski
dense f -orbit, z has Zariski dense f |B-orbit. Thus, we get αf (x) =
max{αf |
U−
(y), αf |B(z)} = αf |B(z) = δf |B . Here, we use the assumption
in the last equality (and the existence of αf |B(z)).

Lemma 6.5. Let G = T ⋉ U be a connected solvable group where
T is a maximal torus and U is the maximal unipotent subgroup. Let
f : G −→ G be a surjective group endomorphism. If f(T ) = T , then
weak KSC is true for f .
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Proof. Note that f = f |T × f |U . If a point (x, y) ∈ T ⋉ U = G has
Zariski dense f -orbit, then x also has Zariski dense f |T -orbit. By KSC
for group endomorphisms on algebraic tori [36], we have αf(x, y) =
max{αf |T (x), αf |U (y)} = αf |T (x) = δf |T = δf . (In the last equality, we
use Theorem 6.2.) 
Proof of Theorem 6.1. The theorem follows from Proposition 6.4, 6.3,
and Lemma 6.5. 
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